1.0 INTRODUCTION Two methods are described for calculating pressure distributions and boundary layers on blades subjected to low Reynolds numbers and ramp-type motion. The first is based on an interactive scheme in which the inviscid flow is computed by a panel method and the boundary layer flow by an inverse method that makes use of the Hilbert integral to couple the solutions of the inviscid and viscous flow equations. The second method is based on the solution of the compressible NavierStokes equations with an embedded grid technique that permits accurate calculation of boundary layer flows. Studies for the Eppler and NACA-0012 airfoils indicate that both methods can be used to calculate the behavior of unsteady blade boundary layers at low Reynolds numbers provided that the location of transition is computed with the e"-method and the transitional region is modelled properly. 
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Cartesian coordinates
The unsteady flows which occur in multi-stage axial turbomachines have a strong impact on the efficiency, aerodynamic stability of the compression system, aeroelastic stability, and noise generation [1] . The state-of-the-art in turbomachinery has advanced to the point where further significant improvements will have to come from the understanding and control of the unsteady flows within the turbomachines. For this reason, in recent years increasing attention and effort has been devoted to experimental and computational investigations on various unsteady flow phenomena in turbomachines. A review of these efforts can be found in [2] , showing that substantial progress has been achieved in the calculation of unsteady inviscid flows for single blade rows and, to some extent, for multi-blade rows and for three-dimensional flows. The inclusion of unsteady viscous flow effects, on the other hand, has only recently been attempted for two-dimensional [3] and three-dimensional [4] flows. This task is further complicated by the frequent occurrence of separation bubbles on blades where, at design incidence and at Reynolds numbers between 105 and 10 6 , transition in the separated laminar shear layer may be followed by a rapid reattachment of the transitioning or turbulent shear layer. This produces the so called "short bubble," a somewhat misleading term because mid-chord bubbles on turbomachine blades can easily extend over several percent of chord. With further reduction in Reynolds number, the extent of the bubble increases to form a "long bubble" and, depending on the flow conditions, the bubble may burst. This phenomenon is accompanied by a major increase in drag and decrease in circulation with associated changes in pressure distribution over the whole blade. At off-design conditions, the separation bubble migrates toward the leading-edge on the suction or pressure surface with increasing positive or negative incidence.
While the prediction of the influence of flow unsteadiness due to blade row interactions and inlet distortion is still in its infancy, much progress has been made in computing steady airfoil flows for a range of Reynolds number and angles of attack using two approaches, one based on the solution of the full compressible Navier-Stokes equations and the other on solving a combination of inviscid and boundary layer equations. In both approaches, it is important that the conservation equations are solved accurately in full or reduced forms and that they include accurate methods for computing the location of transition and for modeling the turbulent flow including the transitional region. Recent studies, conducted at high Reynolds numbers [5] , show that as long as there is no, or very little, flow separation on the airfoil, no wake calculation is required. With increasing flow separation, the importance of the wake flow increases, and in the near-and post-stall regions, its effect becomes significant. High Reynolds number studies indicate that while the calculated results are relatively insensitive to the location of the transition at low angles of attack, they become sensitive with increasing angle of incidence and play a very important role in near-stall and post-stall conditions. Similar studies conducted at low Reynolds numbers show that the wake flow and location of transition are important at all angles of attack and they must be computed interactively with the solution of the conservation equations [6, 7] . This method neglects the effect of normal pressure gradient across the shear layer which becomes increasingly more important as the flow separation increases. The consequences of this approximation are not known at this time.
The present paper addresses the prediction of unsteady blade boundary layer flows by two methods briefly described in the following section. The first is based on the extension of the steady interactive boundary-layer method of [5] and the second on the Navier-Stokes method of [8] . Section 3 presents the application of these methods to two test cases. Since the blade data on unsteady low Reynolds number flows is scarce, two separate types of airfoil flows are considered. The first is a steady low-Reynolds number flow over an Eppler airfoil measured in the Langley low-turbulence pressure tunnel for a Reynolds number of 10 5 and the second an unsteady flow over a NACA-0012 airfoil subject to ramp type of motion at a Reynolds number of 2.7 x 10 6 . In the first test case, calculations made use of only the interactive method, in contrast to the second case which used both methods. The paper concludes with a summary of the more important findings.
COMPUTATIONAL METHODS

Viscous-Inviscid Interaction Method
The interactive method for steady incompressible flows is described for high and low Reynolds number flows in [5] and [6] , respectively, and makes use of an inverse boundary-layer method coupled to a panel method with an interactive formula suggested by Veldman [9] . The boundary-layer equations are solved subject to the usual boundary conditions with the ex- In the extension of this method to unsteady incompressible flows, we again make use of a panel method [10] , which is similar to that of Hess and Smith [11] . This method utilizes the procedure of Basu and Hancock [12] to model the wake and represents the shape of the airfoil by a large number of panels (typically 100 panels) such that each panel has constant source strength which varies from panel to panel and a constant vorticity strength, which is the same for all panels. The wake is represented by a series of free vortices shed from the trailing edge in response to incidence changes in accordance with the Helmholtz-Kelvin law of conservation of total vorticity. The airfoil's lift response then is obtained by subdividing the incidence history into sufficiently small time steps and computing the source and vorticity distributions for each time step. Further details of this method can be found in [10, 13].
The unsteady boundary-layer equations are expressed in terms of an eddy viscosity, E.., so that continuity and momentum equations au 8v
are solved subject to the boundary conditions y=0, u=v=0;
y---roo, u--^Ue (x,t) (4)
on the airfoil and with y = 0 denoting the dividing streamline that separates the upper and lower parts of the inviscid flow in the wake, subject to the following conditions
with Ue (x,t) given by Ue = Ue +SUe (x,t). The eddy viscosity formulation of Cebeci and Smith [14] is used with special emphasis on the transitional region.
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The crossover distance y e is defined as the location where the eddy viscosities of the inner and outer regions coincide. The parameters L and 7tr are given by
Here rytr corresponds to the expression suggested by Chen and Thyson [15] with xtr denoting the location of the beginning of transition and G a parameter defined by
where the transition Reynolds number R x " = ( L) and C is a constant with a recommended value of 60. The expression for rytr was obtained from data based on attached flows and is less likely to be applicable to flows with separation. For this reason, a correlation formula was devised by Cebeci [6] to represent C of Eq. (8) by
For the wake flow calculations following the study of Chang et al.
[16], the eddy-viscosity formulation for wall boundarylayer formulas was modified and expressed in the form
where (Cm ) w denotes the eddy viscosity for the far wake given by the maximum of (E m );,, and (E m ),, defined by 
and similarly for S. Here p is the density, e is the total energy per unit volume and p = (y-1)[e -2 (u 2 +v2 )] is the pressure.
The quantities U, V are the contravariant velocity components
given by:
U= t+u x+v y V=77t+uyx +vrly (15) where = rtt = 0 for steady flow solutions, and ^t , r7t are determined from the body motion for the unsteady case. (E.,n, )."^, = 0.064 /We -u)dy (11.b) with ymsn the location where u = u min .
Navier-Stokes Methods
For compressible flows the full, unsteady, two-dimensional, compressible Navier-Stokes equations were solved. In a curvilinear coordinate system (^, 77) the governing equations are: a4 at aG 1 OR aS at + a^ + a,7 Re a^ + art (12) where q is the conservative variable vector q = (p, pu, pv, e)T, and F, G are the nonlinear inviscid terms given by
and Ii., S are the viscous terms given by
The curvilinear coordinate system = x, y), rt = (x, y), referred to as the computational domain, is linked to the physical domain x, y through the metrics, ^'x , ^y , rlx , 77y and the Jacobian J = -of the transformation. The integration is performed with the finite difference factored BeamWarming algorithm [17] . The approximately factorized form of the algorithm is:
where
The dissipation term Di mp i is added for numerical stability, and the explicit dissipation Deepi is added to eliminate oscillations in the neighborhood of shocks. The explicit dissipation term is determined from the spectral radius as described in Ref. The attached flow region is solved with the compressible boundary-layer equations with an embedded grid approach. A detail of the two grid grid arrangement for Navier-Stokes and the embedded boundary layer grid is shown in Fig. 1 . The boundary-layer equations for a generalized coordinates system [20] Two separate flows are considered to evaluate the prediction of blade boundary-layers. The first corresponds to a steady low Reynolds number flow and the second to an unsteady flow at a relatively high Reynolds number. At low Reynolds numbers the extent of the separation bubble is significant; the transition location occurs inside the bubble and must be computed interactively with the flow field calculations. In the Navier-Stokes method transition modeling is not as yet included and therefore the calculations were performed only with the interactive method. Both methods were used to perform the unsteady flow calculations since this flow had no separation bubble due to the high Reynolds number, and the extent of the transition region was very small.
The low Reynolds number experimental data of [21] contain measurements for the Eppler airfoil in the Langley LowTurbulence Pressure Tunnel. The tests were conducted over a Mach number range from M = 0.3 to M = 0.13 and a chord Reynolds number range from 6 x 10 4 to 4.6 x 10 5 . Lift and pitching moment data were obtained from wake surveys. Oil flow visualization was used to determine laminar separation and turbulent reattachment locations. Comparisons of these results with data obtained for this airfoil in two other facilities were included in [21] .
The calculations reported here with the interactive procedure described in the previous section are for a chord Reynolds number of 10 5 and for a range of angles of attack from 0 to 6 degrees. Additional calculations for higher angles of attack, including post stall and higher Reynolds numbers, are in progress and will be reported separately in [22] .
Before the results for this airfoil are presented, it is useful to give a brief description of the solution procedure used to perform the inviscid and boundary-layer calculations and the stability calculations for determining the location of transition with the e'-method [6] . The calculations were begun by computing the pressure distribution on the airfoil and in the wake without viscous effects. Next, the displacement thickness resulting from this pressure distribution was obtained from the solution of the boundary layer equations with the calculations starting at the forward stagnation point, proceeding in the inverse mode first with laminar flow only. Once the velocity profiles were determined, the location of transition was computed by using the e"-method based on the linear stability theory: the Orr-Sommerfeld equation was solved by initiating the stability calculations at the first x-station where the Reynolds number exceeded the critical value established for similar boundary layers. Several dimensional frequencies at different x-locations were then computed on the lower branch of the neutral stability curve in order to determine the amplification rates so that the location of transition could be determined from the e'-method with n = 10. The inverse laminar boundary layer calculations were then performed up to the transition location, after which turbulent flow calculations were performed on the airfoil and in the wake. The displacement thickness distribution resulting from these calculations was used to determine a blowing velocity distribution which enabled the inviscid flow equations to be solved again subject to a new boundary condition. This process was repeated interactively until the solutions of both boundary-layer and inviscid flow equations converged. Table  1 . The experimental results of this table are subject to some uncertainty because of difficulties associated with the surface flow visualization technique. With this proviso, comparison between measured and calculated values must be considered outstanding. It should be noted that the transition location obtained from the e"-method occurs within the separation bubble in all cases, and in accord with experimental observation, leads to reattachment some distance downstream.
The lift and drag coefficients obtained from this method are listed in Table 2 together with the experimental results obtained in Stuttgart, Delft, and Langley wind tunnels. In general, the calculated lift coefficients are higher than the Stuttgart and Delft measurements but very close to the Langley measurements. The calculated drag coefficients, on the other hand, show overall good agreement with all sets of data.
The unsteady flow calculations for the NACA-0012 airfoil subject to ramp-type motion, as described in detail in [23] , were performed by using both interactive and Navier-Stokes methods for a Reynolds number of 2.7 x 10 6 and for a nondimensional pitch rate k defined by k = i c/2U = 0.0127.
The airfoil chord was 10.16 cm, the pitch rate 1280 degrees/sec, pitching from 00 to 15.54°, at a free-stream Mach number of M = 0.3. The experimental data include upper and lower surface pressure distributions for incidence angles of 2.9, 5.8, 8.9, 11.7 and 15.5 degrees.
Figures 4 and 5 compare measured and calculated distributions of pressure coefficients for incidence angles of 2.9, 5.8, 8.9, 11.7 and 15.5 degrees, with Figure 4 showing the predictions of the interactive method and Figure 5 those of the Navier-Stokes method. In both methods, the flow was assumed to be fully turbulent due to the lack of experimental data about the location of transition, and the ramp change in the angle of attack (shown in Fig. 6 ) was assumed to be given by a(t) = -2am,axT 3 + 3ama2T 2 (26) where T is the nondimensional time required to complete the ramp motion from 00 to a m . This ramp change in angle of attack was held fixed for one nondimensional time after the end of the ramp motion. It is useful to point out that while the interactive method is based on the assumption of incompressible flow, the Navier-Stokes method is for a compressible flow. Calculations performed with the Navier-Stokes equations for a Mach number of 0.2 and 0.3, however, showed no effect of compressibility on the results. Figures 4 and 5 show that the predictions of both methods are in good agreement with the experimental data, although the Navier-Stokes computations slightly underpredict the suction peaks at the lower incidence. Figures 7 and 8 present a comparison between the velocity profiles computed by both methods at two chordwise locations corresponding to x/c = 0.5 and x/c = 0.9 at several angles of incidence.
While there is reasonably good agreement at low incidences, the two profiles begin to deviate significantly at higher incidences. These differences are to be expected because different sets of equations are solved. In the boundary layer computations, Eqs. (2) and (3), the normal momentum equation is neglected, whereas in the Navier-Stokes calculations, Eq. (12), all terms are retained. Furthermore, different turbulence models were used. Nevertheless, Figure 8e shows that both procedures predict the onset of flow reversal at a = 15.5° for x/c = 0.9. Unfortunately, there is no experimental data available to verify this prediction and to assess the accuracy of the two methods.
Unsteady flow calculations performed at other reduced frequencies indicate that unsteady inviscid flows can be calculated with the present panel method for reduced frequencies up to k = 0.015. At higher frequencies the predictions of the panel method begin to differ from those of the Navier-Stokes method. For example, the results in Figure 9 , which correspond to a reduced frequency of k = 0.043 over a NACA-0012 airfoil pitching from 0 to 5 degrees, show that even though both methods correctly predict the asymptotic approach to the steady-state lift value, there are significant differences during the transient phase. We believe that these differences are due to the manner in which the Kutta condition is introduced in the panel method and thus require further studies.
SUMMARY
Two methods are described and applied to study the effects of low Reynolds number and flow unsteadiness on blade boundary layers. The first is based on an interactive boundary layer scheme in which the inviscid flow is computed by a panel method and the boundary layer flow by an inverse method that uses the Hilbert integral to couple the solutions of the inviscid and viscous flow equations. The second method is based on the solution of the compressible Navier-Stokes equations which employs an embedded grid technique for accurate boundary layer calculations with small computational cost. Calculated results obtained for the low Reynolds number flow with a combination of the interactive method and e"-method show good agreement with experimental data. The results also indicate the importance of transition at such low Reynolds numbers and show that regardless of the method used to compute the flow field, the onset of transition must be determined interactively and the transitional region must be modelled properly. Calculated results obtained with both methods for a NACA-0012 airfoil subject to a ramp type motion at relatively high Reynolds number also indicate good agreement with experimental data. The calculations for this flow indicate computer times of about one hour on the Cray YMP for the NavierStokes method and about 30 seconds for the interactive method on a VAX computer. Since the calculation of the onset of transition requires that the flow field be computed several times, these results suggest that the extension of the Navier-Stokes method to low Reynolds number flows in which the flow field and transition are calculated interactively may be costly. 
